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Generalizing a previous model to accommodate the third quark family and CP violation, we present a
T ′ model which predicts tribimaximal neutrino (PMNS) mixings while the central predictions for quark
mixings are |Vtd/Vts| = 0.245 and |Vub/Vcb| = 0.237 with a predicted CP violating KM phase δKM =
65.8◦. All these are acceptably close to experiment, including the KM phase for which the allowed values
are 63◦ < δKM < 72◦, and depend only on use of symmetry T ′ × Z2 to deﬁne the model and no additional
parameters.
© 2009 Elsevier B.V.
The justly celebrated standard model (SM) of particle phenomenology rests as one of the great accomplishments of theory. Nevertheless,
in the extended form which can accommodate neutrino masses, it has 28 free parameters none of which has been calculated or predicted.
Notable are quark and lepton masses (12, hereafter SM masses) and mixing angles and phases (10, hereafter SM mixings) which relate
mass eigenstates for quarks and leptons to states in the Lagrangian.
Except for a hint about the neutrino hierarchy, we ﬁnd no new insight about SM masses.1 With regard to SM mixings we report at
least limited progress towards understanding 6 out of 10 phenomenological parameters by the study of T ′ (binary tetrahedral group)
as a ﬂavor symmetry commuting with the SM theory. If even one of these explanations survives we feel it will be useful and impor-
tant.
In recent work, the present authors, together with Kephart [1], presented a simpliﬁed model based on T ′ ﬂavor symmetry. The principal
simpliﬁcation was that the CKM mixing angles2 involving the third quark family were taken to vanish Θ23 = Θ13 = 0.
In terms of the scalar ﬁeld content, all scalar ﬁelds are taken to be doublets under electroweak SU(2) with vacuum values which underly
the symmetry breaking. Great simpliﬁcation was originally achieved by the device of restricting scalar ﬁelds to irreducible representations
of T ′ which are singlets and triplets only, without any T ′ doublets. There was a good reason for this because the admission of T ′-doublet
scalars enormously complicates the symmetry breaking. This enabled the isolation of the Cabibbo angle Θ12 and to a reasonable prediction
thereof, namely [1] tan2Θ12 = (
√
2 )/3.
Within the same simpliﬁed model, in a subsequent paper with Eby [2], the departure of Θ12 from this T ′ prediction was used to make
predictions for the departure of the neutrino PMNS angles θi j from their tribimaximal values [3]. Also in that model [4], we suggested a
smoking-gun T ′ prediction for leptonic decay of the standard model Higgs scalar. Other related works are [5–15].
In the present Letter, we examine the addition of T ′-doublet scalars. As anticipated in [1], this allows more possibilities of T ′ symmetry
breaking and permits non-zero values for Θ23, Θ13 and δKM. We present an explicit (T ′ × Z2) model which leads to consistent results for
PMNS and KM angles as well as testable predictions.
To understand the incorporation of T ′-doublet scalars and to make the present article self-contained, it is necessary to review the
simpliﬁed model employed in [1,2,4] in which T ′-doublet scalars were deliberately excluded in order to isolate the Cabibbo angle Θ12.
We here adopt the global symmetry (T ′ × Z2).
* Corresponding author.
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1 The result in an earlier paper [1] involving the quark mass squared ratio (m2d/m
2
s ) has only small corrections from the considerations of the present Letter.
2 Note that here upper case Θi j refer to quarks (CKM) and lower case θi j will refer to neutrinos (PMNS).
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and the six right-handed quarks as
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uR
}
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sR
dR
}
SR (22,+1). (2)
The leptons are assigned as(
ντ
τ−
)
L(
νμ
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)
L(
νe
e−
)
L
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e−R (13,−1)
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(3)
Next we turn to the symmetry breaking and the necessary scalar sector with its own potential3 and Yukawa coupling to the fermions,
leptons and quarks.
For scalar ﬁelds we keep those used previously namely the two T ′ triplets and two T ′ singlets
H3(3,+1); H ′3(3,−1); H11(11,+1); H13(13,−1) (4)
which led to the simpliﬁed model discussed previously with CKM angles Θ23 = Θ13 = 0. That model was used to derive a formula for the
Cabibbo angle [1], to predict corrections [2] to the tribimaximal values [3] of PMNS neutrino angles, and to make a prediction for Higgs
boson decay [4].
We now introduce one T ′ doublet scalar in an explicit model. Non-vanishing Θ23 and Θ13 will be induced by symmetry breaking due
to the addition the T ′ doublet scalar
H23(23,+1). (5)
The ﬁeld in Eq. (5) allows a new4 Yukawa coupling
YQSQLSR H23 + h.c. (6)
where Ysb = Y ∗sb is real and we accommodate CP violation by the use of complex T ′ Clebsch–Gordan coeﬃcients.
The vacuum expectation value (VEV) for H23 is taken with the alignment
〈H23〉 = V23(1,1) (7)
while as in [1] the other VEVs include
〈H3〉 = V (1,−2,1). (8)
The hermitian squared mass matrix D ≡ DD† for the charge (−1/3) quarks is then
D =
⎛
⎜⎜⎝
m2b
1√
6
YSYQSV V23(1− 2
√
2ω2) 1√
6
YSYQSV V23(ω2 +
√
2 )
1√
6
YSYQSV V23(1− 2
√
2ω−2) 3(YSV )2 −
√
2
3 (YSV )
2
1√
6
YSYQSV V23(ω−2 +
√
2 ) −
√
2
3 (YSV )
2 (YSV )2
⎞
⎟⎟⎠ . (9)
3 The scalar potential will not be examined explicitly. We assume that it has enough parameters to accommodate the required VEVs in a ﬁnite neighborhood of parameter
values.
4 We list the Yukawa couplings already discussed for the T ′-triplet and T ′-singlet scalars:
LY = 1
2
M1N
(1)
R N
(1)
R + M23N(2)R N(3)R +
{
Y1
(
LLN
(1)
R H3
)+ Y2(LLN(2)R H3)+ Y3(LLN(3)R H3)+ Yτ (LLτR H ′3)+ Yμ(LLμR H ′3)+ Ye(LLeR H ′3)}
+ Yt
({QL}11 {tR }11 H11 )+ Yb({QL}11 {bR }12 H13 ) + YC({Q L}21 {CR }23 H ′3) + YS({Q L}21 {SR }22 H3)+ h.c.
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angle formula tan2Θ12 = (
√
3 )/2 is preserved.
Note that in this model the mass matrix for the charge +2/3 quarks is diagonal5 so the CKM mixing matrix arises purely from
diagonalization of D in Eq. (9). The presence of the complex T ′ Clebsch–Gordan coeﬃcients [16] in Eq. (9) which will lead to non-zero
KM CP violating phase.
For m2b the experimental value 17.6 GeV
2 [17] although the CKM angles and phase do not depend on this overall normalization.
Actually our results depend only on assuming that the ratio (YQS V23/YS V ) is much smaller than one.
In this case we ﬁnd the results for the ratios of CKM matrix elements
|Vtd/Vts| = 0.245 (10)
and
|Vub/Vcb| = 0.237. (11)
For the CP violating phase δKM
δKM = 65.8◦ (12)
is in the experimentally allowed range 63◦ < δKM < 72◦ .
More technical details will be provided in [18].
Note that once the off-diagonal third-family elements in Eq. (9) are taken as much smaller than the elements involved in the Cabibbo
angle, the two KM angles and the CP phase are predicted without further free parameters so this vindicates the hope expressed in [1].
In summary, we have reported progress in understanding the PMNS and CKM mixing angles by exploiting the binary tetrahedral group
(T ′) as a global discrete ﬂavor symmetry commuting with the local gauge symmetry SU(3) × SU(2) × U (1) of the standard model of
particle phenomenology. The results are encouraging to pursue this direction of study.
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